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ON THE LENGTHS OF QUOTIENTS OF IDEALS AND DEPTHS OF
FIBER CONES
A. V. JAYANTHAN AND RAMAKRISHNA NANDURI†
Abstract. Let (R,m) be a Cohen-Macaulay local ring, I an m-primary ideal of R
and J its minimal reduction. We study the depths of F (I) under certain depth as-
sumptions on G(I) and length condition on quotients of powers of I and J , namely∑
n≥0 λ(mI
n+1/mJIn) and
∑
n≥0 λ(mI
n+1 ∩ J/mJIn).
1. Introduction
Let (R,m) be a Cohen-Macaulay local ring of dimension d > 0 with infinite residue field
and I an m-primary ideal of R. The fiber cone of I, denoted by F (I) := ⊕n≥0I
n/mIn,
the associated graded ring of I, denoted by G(I) := ⊕n≥0I
n/In+1 and the Rees algebra
R(I) := ⊕n≥0I
ntn ⊂ R[t] are together known as blowup algebras related to I. Many
authors have studied the relationship between properties of the ideal and its blowup
algebras. Northcott and Rees introduced the concept of a reduction of an ideal to study
various properties of the ideal and its blowup algebras. An ideal J ⊆ I is said to be a
reduction of I with respect to an R-module M if In+1M = JInM for some n ≥ 0. The
integer rMJ (I) = min{n | I
n+1M = JInM} is called the M-reduction number of I with
respect to J . IfM = R, then J is said to be a reduction of I and the integer rJ(I) = r
R
J (I)
is known as the reduction number of I with respect to J . A reduction is said to be a
minimal reduction if it is minimal with respect to inclusion. It is known that if the residue
field of R is infinite, then all minimal reductions are minimally generated by ℓ(I) number
of elements, where ℓ(I) := dimF (I) is the analytic spread of I.
The relation between the lengths of quotients of ideals and depths of blowup algebras
has been a subject of several papers. Let λ(−) denote the length function. It has been
shown by many authors that the two integers
∆(I, J) =
∑
p≥1
λ
(
Ip+1 ∩ J
IpJ
)
, Λ(I, J) =
∑
p≥0
λ
(
Ip+1
IpJ
)
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controls the depth of the associated graded ring. Valabrega and Valla proved that In∩J =
JIn−1 for all n ≥ 1 if and only if G(I) is Cohen-Macaulay, where J is a minimal reduction
of I, [VV]. The Valabrega-Valla condition can be rephrased as
∑
n≥1 λ(I
n∩J/JIn−1) = 0.
Guerrieri studied ideals satisfying
∑
n≥1 λ(I
n∩J/JIn−1) = 1 and showed that in this case
depthG(I) = d− 1, [Gu1]. She also proved that if λ(I2 ∩ J/JI) = 2 and Ik ∩ J = JIk−1
for all k ≥ 3, then depthG(I) ≥ d− 2, [Gu2].
Huckaba and Marley proved that e1(I) ≤ Λ(I, J) and if the equality holds, then
depthG(I) ≥ d − 1, [HM]. Wang showed that if Λ(I, J)− e1(I) = 1, then depthG(I) ≥
d − 2. As a consequence he deduced that if ∆(I, J) = 2, then depthG(I) ≥ d − 2, [W].
Guerrieri and Rossi proved that if λ(I2 ∩ J/JI) = 3 and J ∩ In = JIn−1 for all n ≥ 3,
then depthG(I) ≥ d− 3, assuming that R/I is Gorenstein and d ≥ 4, [GR].
In the case of fiber cone, the similar relations have not been investigated well. Cortadel-
las and Zarzuela proved that if G(I) is Cohen-Macaulay, then F (I) is Cohen-Macaulay if
and only if
∑
n≥2 λ(mI
n ∩ J/mIn−1J) = 0, [CZ]. It is known that r(I) ≤ 1 implies that
the fiber cone is Cohen-Macaulay, [S]. The relation between m-reduction number and the
depth of fiber cone is not that strong. The fiber cone need not even have depth d − 1
when rmJ (I) = 1, cf. Example 5.1.
In this article we study the depths of fiber cones of ideals satisfying the properties∑
n≥1 λ(mI
n+1∩J/mJIn) ≤ 1 and
∑
n≥0 λ(mI
n+1/mJIn) ≤ 2 under some depth assump-
tions on depth of G(I). The paper is organized in the following manner. In Section 2, we
present some preliminary lemmas needed for the proof of main theorems. In Section 3,
we prove:
Theorem 3.1. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 1 with
infinite residue field, I an m-primary ideal and J ⊆ I a minimal reduction of I such that
mIn ∩ J = mIn−1J for all n ≥ 1. If depth(G(I)) ≥ d − t, then depth(F (I)) ≥ d − t + 1
for 1 ≤ t ≤ d.
Theorem 3.3. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 2 with
infinite residue field, I an m-primary ideal and J ⊆ I a minimal reduction of I such that∑
k≥2 λ((mI
k ∩ J)/mIk−1J) = 1. If depth(G(I)) ≥ d − t, then depth(F (I)) ≥ d − t for
1 ≤ t ≤ d− 1.
In Section 4, we prove:
Theorem 4.1, 4.2. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 2
with infinite residue field. Let I be any m-primary ideal of R and J ⊆ I a minimal
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reduction of I. Suppose
∑
n≥0 λ(mI
n+1/mJIn) = 1 or 2. If depth(G(I)) ≥ d − t, then
depth(F (I)) ≥ d− t + 1, for 2 ≤ t ≤ d.
We also study the Cohen-Macaulay property of fiber cones in these cases. In the last
section we present some examples to support our results. The computations have been
performed in the Computational Commutative Algebra software, CoCoA [Co].
2. Preliminaries
In this section we prove some technical lemmas which are required in the proof of
main theorems. Throughout this paper (R,m) denotes a Cohen-Macaulay local ring with
infinite residue field, I an m−primary ideal and J its minimal reduction. First, we recall
some results from the literature that we need.
Theorem 2.1. [BH, Theorem 1.1.7] Let R be a ring, M an R−module,x1, . . . , xn an
M−regular sequence, and I = (x1, . . . , xn). Let X1, . . . , Xn be indeterminates over R. If
F ∈ M [X1, . . . , Xn] is homogeneous of total degree d and F (x1, . . . , xn) ∈ I
d+1M , then
the coefficients of F are in IM .
Lemma 2.2. [JV1, Lemma 5.2] Let (R,m) be a Cohen-Macaulay local ring of dimension
d > 0 with infinite residue field. Let I be an m−primary ideal and J a minimal reduction
of I. Let {x1, . . . , xd} be a minimal generating set for J such that for some index i,
1 ≤ i ≤ d mIn ∩ (x1, . . . , xˆi, . . . , xd) ⊆ mI
n−1J for all n, 1 ≤ n ≤ k for some integer k.
Then for all 1 ≤ n ≤ k,
mIn ∩ (x1, . . . , xˆi, . . . , xd) = mI
n−1(x1, . . . , xˆi, . . . , xd).
The following lemma, which is very useful in detecting positive depth property of fiber
cones, is known as the “Sally machine for fiber cones”.
Lemma 2.3 (Lemma 2.7,[JV1]). Let (R,m) be a Cohen-Macaulay local ring, I an m-
primary ideal in R and x ∈ I such that x∗ is superficial in G(I) and xo is superficial in
F (I). If depth(F (I/(x))) ≥ 1, then xo is regular in F (I).
For the rest of the section, let (R,m) be a Cohen-Macaulay local ring of dimension
d > 0 with infinite residue field, I an m-primary ideal and J ⊆ I a minimal reduction of
I such that for some k ≥ 2, mIn ∩ J = mJIn−1 for 1 ≤ n < k.
Lemma 2.4. Let {x1, . . . , xd} be a minimal generating set for J such that mI
n∩(xi1 , . . . , xir) ⊆
mIn−1J for all n ≤ k and for some 1 ≤ i1 < · · · < ir ≤ d, where 1 ≤ r < d. Then
mIn ∩ (xi1 , . . . , xir) = mI
n−1(xi1 , . . . , xir) for all n ≤ k.
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Proof. Without loss of generality we may assume i1 = 1, . . . , ir = r. The Lemma 5.2 in
[JV1] proves the case r = d − 1. Assume 1 ≤ r ≤ d − 2. We proceed by induction on
k. Let k = 2. Since x¯1, . . . , x¯r is a part of an R/m-basis for I/mI, mI ∩ (x1, . . . , xr) =
m(x1, . . . , xr). Let y = a1x1 + · · · + arxr ∈ mI
2 ∩ (x1, . . . , xr). By hypothesis y =
b1x1+· · ·+bdxd, where bj ∈ mI for all i = 1, . . . , d. Therefore (a1−b1)x1+· · ·+(ar−br)xr =
br+1xr+1+· · ·+bdxd. Since {x1, . . . , xd} is a regular sequence, br+1, . . . , bd ∈ (x1, . . . , xr) ⊆
J . br+1, . . . , bd ∈ mI ∩ J = mJ . Therefore (a1 − b1)x1 + · · · + (ar − br)xr ∈ mJ
2. By
the Theorem 2.1, a1 − b1, . . . , ar − br ∈ mJ . This implies a1, · · · , ar ∈ mI. Hence
y ∈ mI(x1, . . . , xr).
Assume k ≥ 3. By induction hypothesis mIn∩(x1, . . . , xr) = mI
n−1(x1, . . . , xr) for all n ≤
k − 1. Since mIk ∩ (x1, . . . , xr) = mI
k−1(x1, . . . , xr) + [mI
k−1(xr+1, . . . , xd) ∩ (x1, . . . , xr)]
it is enough to prove:
Claim: mI t(xr+1, . . . , xd)
n−t ∩ (x1, . . . , xr) ⊆ mI
n−1(x1, . . . , xr) for all integers t, n such
that 0 ≤ t < k and t < n.
We prove the claim by induction on t. Suppose t = 0.We need to prove thatm(xr+1, . . . , xd)
n∩
(x1, . . . , xr) ⊆ mJ
n−1(x1, . . . , xr) for all n, r ≥ 1. We prove this statement by induction
on n. Since (x1, . . . , xr) is a regular sequence, the case n = 1 is obvious. Assume that
n ≥ 2 and that the statement is true for all h < n. Let s ∈ m(xr+1, . . . , xd)
n∩(x1, . . . , xr).
By induction hypothesis
s ∈ mJn−2(x1, . . . , xr) = m(x1, . . . , xr)
n−1+ · · ·+m(x1, . . . , xr)(xr+1, . . . , xd)
n−2 ⊆ mJn−1.
Thus we can write
∑
|σ|=n−1
kσx
σ1
1 · · ·x
σr
r + · · ·+
∑
|ρ|=n−2
kρxrx
ρr+1
r+1 · · ·x
ρd
d = s =
∑
|ω|=n
jωx
ωr+1
r+1 · · ·x
ωd
d ,
where kσ, . . . , kρ ∈ m. Therefore s is a homogeneous polynomial in x1, . . . , xd of degree
n−1 with coefficients from m such that s ∈ mJn and x1, . . . , xd is a regular sequence. By
the Theorem 2.1 all the coefficients, kσ, . . . , kρ are in mJ . Hence
s ∈ mJ(x1, . . . , xr)
n−1 + · · ·+mJ(x1, . . . , xr)(xr+1, . . . , xd)
n−2 ⊆ mJn−1(x1, . . . , xr).
This proves case t = 0. Assume t ≥ 1. Let s ∈ mI t(xr+1, . . . , xd)
n−t ∩ (x1, . . . , xr). Then
by what we have shown in proving the case t = 0,
mJn−t−1(x1, . . . , xr) = m(x1, . . . , xr)
n−t + · · ·+m(x1, . . . , xr)(xr+1, . . . , xd)
n−t−1.
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It is possible to write∑
|σ|=n−t
kσx
σ1
1 · · ·x
σr
r + · · ·+
∑
|ρ|=n−t−1
kρxrx
ρr+1
r+1 · · ·x
ρd
d = s =
∑
|ω|=n−t
jωx
ωr+1
r+1 · · ·x
ωd
d ,
where kσ, . . . , kp ∈ m and all jω ∈ mI
t. Again using the Theorem 2.1, we get jω ∈
(x1, . . . , xr). Hence jω ∈ mI
t ∩ J for all ω. Since t < k, by hypothesis we obtain all
jω ∈ mI
t−1J . Therefore
s ∈ mI t−1J(xr+1, . . . , xd)
n−t = mI t−1(x1, . . . , xr)(xr+1, . . . , xd)
n−t+mI t−1(xr+1, . . . , xd)
n−t+1.
In particular we have shown that
mI t(xr+1, . . . , xd)
n−t ∩ (x1, . . . , xr) ⊆ mI
t−1(x1, . . . , xr)(xr+1, . . . , xd)
n−t
+mI t−1(xr+1, . . . , xd)
n−t+1 ∩ (x1, . . . , xr).
By induction hypothesis, mI t−1(xr+1, . . . , xd)
n−t+1 ∩ (x1, . . . , xr) ⊆ mI
n−1(x1, . . . , xr).
Therefore
mI t(xr+1, . . . , xd)
n−t ∩ (x1, . . . , xr) ⊆ mI
n−1(x1, . . . , xr).
This completes the proof of the claim and hence the lemma. 
Lemma 2.5. Let y1, . . . , yr be elements in J−mJ such that the sets {yi, yj} 1 ≤ i < j ≤ r
are part of minimal generating sets for J . Then for each 0 ≤ t ≤ k − 1, we have
(mI t + (y1)) ∩ · · · ∩ (mI
t + (yr)) ⊆ mI
t + (y1 · · · yr).
Proof. We prove by induction on r. Assume r = 2. Let 0 ≤ t ≤ k − 1. Let w ∈
(mI t + (y1)) ∩ (mI
t + (y2)). Then i1 + w1y1 = w = i2 + w2y2 for some i1, i2 ∈ mI
t and
w1, w2 ∈ R. Therefore w1y1 − w2y2 ∈ mI
t ∩ (y1, y2) = mI
t−1(y1, y2), by Lemma 2.4. This
implies that w1y1 ∈ mI
t−1y1+(y2). From hypothesis {y1, y2} is a regular sequence we get
w1 ∈ mI
t−1 + (y2). Hence w ∈ mI
t + (y1y2).
Assume r ≥ 3 and that the statement is true for each integer strictly less than r. Let
w ∈ (mI t + (y1)) ∩ · · · ∩ (mI
t + (yr)). Then w = ir + wryr with ir ∈ mI
t. Thus
wryr ∈ ∩
r−1
i=1 (mI
t + (yi)). By induction hypothesis wryr ∈ mI
t + (y1 · · · yr−1). Therefore
wryr = i + αy1 . . . yr−1 for some i ∈ mI
t and α ∈ R. This gives wryr − αy1 · · · yr−1 ∈
mI t∩(yr, yj) for all j = 1, . . . , r−1. By the Lemma 2.4, wryr−αy1 · · · yr−1 ∈ mI
t−1(yr, yj)
for all j = 1, . . . , r − 1. If wryr − αy1 · · · yr−1 = ayr + byj for some a, b ∈ mI
t−1, then for
all 1 ≤ j ≤ r−1, (wr−a)yr ∈ (yj) so that (wr−a) ∈ (yj). Thus wr ∈ ∩
r−1
j=1(mI
t−1+(yj)).
By induction hypothesis wr ∈ mI
t−1 + (y1 . . . yr−1). Hence w ∈ mI
t + (y1, . . . , yr). 
6 A. V. JAYANTHAN AND RAMAKRISHNA NANDURI†
Lemma 2.6. Let y1, . . . , yr be elements in J − mJ such that the sets {yi, yj} are part
of minimal generating sets for J for 1 ≤ i < j ≤ r. Suppose that y1, . . . , yr satisfy the
following equalities: mIk ∩ (y1) = mI
k−1y1 + mI
k ∩ (y1yi) for all i = 2, . . . , r. Then
mIk ∩ (y1) = mI
k−1y1 +mI
k ∩ (y1 · · · yr).
Proof. We proceed by induction on r. If r = 2, then there is nothing to prove. Assume
r ≥ 3. By induction hypothesis, we have the following two equalities:
mIk ∩ (y1) = mI
k−1y1 +mI
k ∩ (y1 · · · yr−1) and mI
k ∩ (y1) = mI
k−1y1 +mI
k ∩ (y1yr).
Therefore mIk ∩ (y1yr) ⊆ mI
k−1y1 + mI
k ∩ (y1 · · · yr−1). Suppose βy1yr ∈ mI
k ∩ (y1yr).
Then βy1yr = iy1 + αy1 · · · yr−1 for some i ∈ mI
k−1 and α ∈ R. As y1 is regular, βyr =
i+αy2 · · · yr−1. This implies βyr ∈ ∩
r−1
j=2[mI
k−1+(yj)]. By the proof of Lemma 2.5, we get
β ∈ ∩r−1j=2(mI
k−2 + (yj)) so that by Lemma 2.5 we get β ∈ mI
k−2(y2 · · · yr−1). Therefore
βy1yr ∈ (mI
k−2 + (y2 · · · yr−1))(y1yr) ⊆ mI
k−1y1 + mI
k ∩ (y1 · · · yr) which in turn gives
mIk∩(y1) ⊆ mI
k−1y1+mI
k∩(y1 · · · yr). Hence mI
k∩(y1) = mI
k−1y1+mI
k∩(y1 · · · yr). 
Lemma 2.7. Let d ≥ 2. If λ((mIk ∩ J)/mIk−1J) 6= 0 for some k ≥ 2 and mIn ∩ J =
mIn−1J for all n, 1 ≤ n < k, then there exists an element x ∈ J −mJ such that
(1) x∗ ∈ G(I) is superficial in G(I)
(2) xo ∈ F (I) is superficial in F (I) and
(3) λ((mIk ∩ J)/(mIk−1J +mIk ∩ (x))) 6= 0.
Proof. Since it is possible to choose a minimal generating set {x1, . . . , xd} for J such that
x∗1, . . . , x
∗
d is a superficial sequence in G(I) and x
o
1, . . . , x
o
d is a superficial sequence in F (I),
we show that the result holds for a part of a minimal generating set of J .
We prove the lemma by induction on k. Let k = 2. Let {x1 . . . , xd} be a minimal basis
for J . Suppose that
λ((mI2 ∩ J)/(mIJ +mI2 ∩ (xi))) = 0 = λ((mI
2 ∩ J)/(mIJ +mI2 ∩ (xj)))
for some i 6= j, 1 ≤ i, j ≤ d. Then mI2 ∩ (xj) ⊆ mIJ + mI
2 ∩ (xi). Let axj ∈
mI2 ∩ (xj). Then axj = a1x1 + · · · + adxd + bxi for some a1, . . . , ad ∈ mI. This implies
(a− aj)xj − (b+ ai)xi = a1x1 + · · ·+ âixi + · · ·+ âjxj + · · ·+ adxd. Since {x1, . . . , xd} is
a regular sequence, a− aj , b+ ai ∈ I and hence a, b ∈ I. Again from the same argument
we get al ∈ (xi, xj) ⊆ J for all l 6= i, j. Since mI ∩ J = mJ , all these coefficients are
in mJ . Thus (a − aj)xj − (b + ai)xi is a homogeneous polynomial of degree 1 in xi, xj
which belongs to mJ2. By the Theorem 2.1 we get a− aj , b+ ai ∈ mJ . But ai, aj ∈ mI.
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Hence a, b ∈ mI. So axj ∈ mIxj . We proved mI
2 ∩ (xj) = mIxj . However this yields the
contradiction
0 = λ((mI2 ∩ J)/(mIJ +mI2 ∩ (xj))) = λ((mI
2 ∩ J)/mIJ) 6= 0.
Hence for each set of minimal generators for J there are at least d − 1 elements which
satisfy our requirement.
Let k ≥ 3. Let {x1, . . . , xd} be a minimal generating set for J . Suppose λ((mI
k ∩
J)/(mIk−1J + mIk ∩ (w))) = 0 for all w ∈ J −mJ . In particular we have that λ((mIk ∩
J)/(mIk−1J + mIk ∩ (xi))) = 0 for all i = 1, . . . , d. This means mI
k ∩ J = mIk−1J +
mIk ∩ (xi) for all i = 1, . . . , d. Fix an integer i such that 2 ≤ i ≤ d. Since mI
k ∩ (x1) ⊆
mIk ∩ J = mIk−1J +mIk ∩ (xi), it can easily be seen that
mIk ∩ (x1) = mI
k−1(x1) + [mI
k−1(x2, · · · , xˆi, · · · , xd) +mI
k ∩ (xi)] ∩ (x1).
If we choose an element j2x2 + · · ·+ ĵixi + · · ·+ jdxd+ rixi ∈ [mI
k−1(x2, . . . , xˆi, . . . , xd) +
mIk ∩ (xi)] ∩ (x1) for some jh ∈ mI
k−1 and h = 2, . . . , iˆ, . . . , d, then it is clear that
j2x2+· · ·+ĵixi+· · ·+jdxd ∈ (x1, xi). Since {x1, . . . , xd} is a regular sequence, jh ∈ mI
k−1∩
(x1, . . . , xˆh, . . . , xd), for all h = 2, . . . , iˆ, . . . , d. By Lemma 2.4, mI
k−1∩(x1, . . . , xˆh, . . . , xd) =
mIk−2(x1, . . . , xˆh, . . . , xd), for all h = 2, . . . , iˆ, . . . , d. Therefore jh ∈ mI
k−2(x1, . . . , xˆh, . . . , xd)
for all h = 2, . . . , iˆ, . . . , d and hence j2x2+· · ·+ĵixi+· · ·+jdxd ∈ mI
k−2J(x2, . . . , xˆi, . . . , xd)∩
(x1, xi). Using the Claim in the Lemma 2.4 with t = k − 2 and n = k we can conclude
that j2x2 + · · ·+ ĵixi + · · ·+ jdxd ∈ mI
k−1(x1, xi). Hence
mIk ∩ (x1) ⊆ mI
k−1x1 + [mI
k−1(x1, xi) +mI
k ∩ (xi)] ∩ (x1)
= mIk−1x1 + [mI
k−1(x1) +mI
k ∩ (xi)] ∩ (x1)
= mIk−1x1 + [mI
k−1(x1) +mI
k ∩ (xi) ∩ (x1)] = mI
k−1x1 +mI
k ∩ (x1xi).
The other inclusion is obvious. Therefore mIk ∩ (x1) = mI
k−1x1 + mI
k ∩ (x1xi) for all
i = 2, . . . , d. Hence, by Lemma 2.6 it follows that mIk∩(x1) = mI
k−1x1+mI
k∩(x1 · · ·xd).
If k < d, then x1 · · ·xd ∈ mI
k−1x1 ⊆ mI
k so that mIk∩(x1) = mI
k−1x1+mI
k∩(x1 · · ·xd) =
mIk−1x1 which yields the contradiction
0 = λ((mIk ∩ J)/(mIk−1J +mIk ∩ (x1))) = λ((mI
k ∩ J)/mIk−1J) 6= 0.
Suppose k ≥ d. Since J/mJ is a vector space over an infinite field it is possible to find
elements xh ∈ ∩
h−1
i=1 [J − (mJ + (xi))] for h = d+ 1, . . . , k+1 so that {x1, . . . , xd−1, xd+1},
. . . , {x1, . . . , xd−1, xk+1} are minimal generating sets for J . Moreover, for any d + 1 ≤
h ≤ k + 1, by the selection of xh, {x¯j, x¯h} ∈ J/mJ is R/m-linearly independent for any
j < h and hence form a part of minimal generating set for J . Define y1 = x1, . . . , yd =
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xd, yd+1 = xd+1, . . . , yk+1 = xk+1. Then {yi, yj} is a part of minimal generating set of
J for 1 ≤ i, j ≤ k + 1, i 6= j. Also we have mIk ∩ (x1) = mI
k−1x1 + mI
k ∩ (x1xi)
for all i = d, . . . , k. Thus y1, . . . , yk+1 satisfy the hypotheses of Lemma 2.6. Therefore
mIk ∩ (y1) = mI
k−1y1 + mI
k ∩ (y1 · · · yk+1). This implies mI
k ∩ (x1) = mI
k−1x1. This
gives the contradiction
0 = λ((mIk ∩ J)/(mIk−1J +mIk ∩ (x1))) = λ((mI
k ∩ J)/mIk−1J) 6= 0.
This completes the proof of the lemma. 
3. Ideals with
∑
n≥1 λ(mI
n+1 ∩ J/mJIn) ≤ 1
In this section we study ideals satisfying the property
∑
n≥1 λ(mI
n+1 ∩ J/mJIn) ≤ 1.
It is known that if G(I) is Cohen-Macaulay, then F (I) is Cohen-Macaulay if and only
if mIn ∩ J = mJIn−1 for all n ≥ 1, [CZ, Theorem 3.2]. We relax the depth condition
on G(I), in the sufficiency part of the result of Cortadellas and Zarzuela. We also give
an example to show that if depthG(I) = d − 1 and F (I) is Cohen-Macaulay, then the
equation mIn ∩ J = mIn−1J need not hold, cf. Example 5.3.
Theorem 3.1. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 1 with infinite
residue field, I an m-primary ideal and J a minimal reduction such that mIn∩J = mIn−1J
for all n ≥ 1. If depthG(I) ≥ d − t, then depthF (I) ≥ d − t + 1 for all 1 ≤ t ≤ d. In
particular, if depthG(I) ≥ d− 1, then F (I) is Cohen-Macaulay.
Proof. Suppose d = 1. Let J = (x). Then mIn ∩ (x) = mIn−1(x) for all n ≥ 1. Hence xo
is regular in F (I).
Suppose d ≥ 2. Assume depthG(I) ≥ d− t. Let x ∈ J be a minimal generator of J such
that x∗ is superficial in G(I) and xo is superficial in F (I). Let “-” denotes modulo (x). If
t = d, then by induction depthF (I¯) ≥ 1. By Lemma 2.3, xo is regular in F (I), and hence
depthF (I) ≥ 1. If t ≤ d− 1, then x∗ is regular in G(I) and so F (I¯) ∼= F (I)/xoF (I). By
induction, depthF (I¯) ≥ d − t ≥ 1. Again by Lemma 2.3, xo is regular in F (I). Hence
depthF (I) = depthF (I¯) + 1 ≥ d− t+ 1. 
Corollary 3.2. (1) If mIn ∩ J = mIn−1J for all n ≥ 1, then depthF (I) > 0.
(2) If rmJ (I) = 1 and depthG(I) ≥ d− t, then depthF (I) ≥ d− t+1 for all 1 ≤ t ≤ d.
Proof. Putting t = d in Theorem 3.1, the statement (1) follows. For (2), note that if
mIn = mIn−1J , then mIn ∩ J = mIn−1J . Now the assertion follows from Theorem
3.1. 
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Now we study the ideals satisfying the property
∑
n≥2 λ(mI
n ∩ J/mIn−1J) = 1. We
prove that in this case the depth of the fiber cone is at least as much as that of the
associated graded ring, except when the associated graded ring is Cohen-Macaulay. We
also provide an example which shows that the lower bound on the depth of F (I) is sharp.
Theorem 3.3. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 2 with infinite
residue field, I be an m-primary ideal in R and J ⊆ I a minimal reduction of I such that∑
n≥1 λ((mI
n+1 ∩ J)/mInJ) = 1. If depth(G(I)) ≥ d − t, then depth(F (I)) ≥ d − t, for
all 1 ≤ t ≤ d− 1.
Proof. By hypothesis, there exists an integer k ≥ 2 such that λ(mIk∩J/mIk−1J) = 1 and
mIn ∩ J = mIn−1J for all n 6= k. By Lemma 2.7, there exists x ∈ J −mJ such that x∗ is
superficial in G(I), xo is superficial in F (I) and λ(mIk ∩ J/mIk−1J +mIk ∩ (x)) = 1.
We first prove the case t = d−1. We do this by induction on d. Let d = 2. Since λ(mIk∩
J/mIk−1J) = λ(mIk ∩ J/mIk−1J + mIk ∩ (x)) = 1, it follows that mIk ∩ (x) ⊆ mIk−1J .
Also, for all n 6= k, mIn ∩ (x) ⊆ mIn ∩ J = mIn−1J . Hence we have mIn ∩ (x) ⊆ mIn−1J
for all n ≥ 1. Since x∗ is superficial in G(I) and depthG(I) ≥ 1, x∗ is regular in G(I).
Therefore, by Lemma 2.2, xo is a regular element in F (I).
Assume d ≥ 3. Let “-” denotes modulo (x). By repeatedly applying Lemma 2.7, choose
x¯2, . . . , x¯d−1 ∈ J¯ − m¯J¯ such that λ(m¯I¯
k ∩ J¯/m¯I¯k−1J¯ + m¯I¯k ∩ (x¯2, . . . , x¯d−1)) = 1. This
implies that
m¯I¯k−1J¯ + m¯I¯k ∩ (x¯2, . . . , x¯d−1) = m¯I¯
k−1J¯ .
Lifting the equation back to R, we get
mIk−1J + (x) = mIk−1J +mIk ∩ (x, x2, . . . , xd−1) + (x).
Intersecting with mIk we get
mIk−1J +mIk ∩ (x) = mIk−1J +mIk ∩ (x, x2, . . . , xd−1)
By the choice of x, mIk ∩ (x) ⊆ mIk−1J . Therefore mIk ∩ (x, x2, . . . , xd−1) ⊆ mI
k−1J .
For n 6= k, this inequality anyway holds because of the hypothesis. Therefore we have,
mIn ∩ (x, x2 . . . , xd−1) ⊆ mI
n−1J for all n ≥ 1. By Lemma 2.2, mIn ∩ (x, x2, . . . , xd−1) =
mIn−1(x, x2, . . . , xd−1). Going modulo (x, x2, . . . , xd−2), we obtain m¯I¯
n∩(x¯d−1) = m¯I¯
n−1(x¯d−1)
for all n ≥ 1. This implies that x¯od−1 ∈ F (I¯) is a regular element, where “-” denotes mod-
ulo (x, x2, . . . , xd−2), i.e., depthF (I¯) ≥ 1. By repeatedly applying Sally machine for fiber
cones, Lemma 2.3, we get depthF (I) ≥ 1.
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Now assume d ≥ 3, 1 ≤ t ≤ d − 2 and depthG(I) ≥ d − t. Let {x1 = x, x2, . . . , xd}
be a minimal generating set for J such that x∗1, . . . , x
∗
d is a superficial sequence in G(I),
xo1, . . . , x
o
d is a superficial sequence in F (I) and λ(mI
k∩J/mIk−1J+mIk∩(x1, . . . , xi)) = 1
for all 1 ≤ i ≤ d − t − 1. Taking modulo (x1, . . . , xd−t−1), we get λ(m¯I¯
k ∩ J¯/m¯I¯k−1J¯) =
1, m¯I¯n∩J¯ = m¯I¯n−1J¯ for all n 6= k, and depthG(I¯) ≥ 1. Therefore, by the first part of the
proof, we get depthF (I¯) ≥ 1 so that x¯od−t is regular in F (I¯). Since x
∗
1, . . . , x
∗
d−t is a regular
sequence in G(I), F (I¯) ∼= F (I)/(xo1, . . . , x
o
d−t−1). By repeated application of Lemma 2.3,
we obtain that xo1, . . . , x
o
d−t is a regular sequence in F (I). Hence depthF (I) ≥ d− t. 
Remark 3.4. By [CZ, Theorem 3.2] and Theorem 3.3, if
∑
n≥2 λ(mI
n ∩ J/mJIn−1) = 1
and G(I) Cohen-Macaulay, then depthF (I) = d−1. This has an interesting consequence,
that a necessary condition for F (I) to be Cohen-Macaulay in this case is that depthG(I) ≤
d− 1. In Section 5, we have provided examples with
∑
n≥2 λ(mI
n ∩ J/mJIn−1) = 1 and
(1) G(I) Cohen-Macaulay, but F (I) not Cohen-Macaulay;
(2) F (I) Cohen-Macaulay, but G(I) not Cohen-Macaulay.
Corollary 3.5. Suppose λ(mI2/mIJ) = 1 and mI3 = mI2J . If depth(G(I)) ≥ d − t,
then depth(F (I)) ≥ d− t for all 1 ≤ t ≤ d− 1.
Proof. Since (mI2 ∩ J)/mIJ is a submodule of mI2/mIJ , λ(mI2 ∩ J/mIJ) ≤ 1 and
mIn ∩ J = mIn−1J for all n ≥ 3. If λ(mI2 ∩ J/mIJ) = 0, then mIn ∩ J = mIn−1J for
all n ≥ 1. Let {x1, . . . , xd} be a minimal generating set for J such that x
∗
1, . . . , x
∗
d is a
superficial sequence in G(I) and xo1, . . . , x
o
d is a superficial sequence in F (I). Then we get
mIn ∩ (x1, . . . , xd−t) ⊆ mI
n−1J for all n ≥ 1. If depthG(I) ≥ d − t, then the assertion
follows from Lemma 2.4 and Theorem 28 of [CZ].
If λ(mI2 ∩ J/mIJ) = 1, the assertion follows from Theorem 3.3. 
We conclude this section by deriving a result analogues to a result by Vasconcelos on
the depth of the associated graded rings.
Corollary 3.6. Suppose I3 = JI2 and λ(mI2 ∩ J/mJI) = 1. Then
(a) If λ(I2/JI) = 1, then depth(F (I)) ≥ d− 1.
(b) If λ(I2/JI) = 2, then depth(F (I)) ≥ d− 2.
Proof. From the hypothesis we have
∑
k≥2 λ((mI
k∩J)/mIk−1J) = 1. Assume λ(I2/JI) =
1 and I3 = JI2. Then by Corollary 2.3(a) in [Gu2] we have depth(G(I)) ≥ d − 1.
Therefore by the Theorem 3.3 we get depth(F (I)) ≥ d − 1. This proves (a). Now
assume λ(I2/JI) = 2 and I3 = JI2. Then by the Corollary 2.3(b) in [Gu2] we have
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depth(G(I)) ≥ d− 2. Therefore by the Theorem 3.3 we have depth(F (I)) ≥ d− 2. This
proves (b). 
4. Ideals with
∑
n≥0 λ(mI
n+1/mJIn) = 1 or 2
In this section, we study fiber cones of ideals with
∑
n≥1 λ(mI
n/mIn−1J) = 1 or 2. In
[JV2], it was proved that if λ(mI/mJ) = 1 and depthG(I) ≥ d − 2, then depthF (I) ≥
d− 1. In the following theorem we generalize this result.
Theorem 4.1. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 2 with infinite
residue field R/m. Let I be an m-primary ideal in R with J ⊆ I a minimal reduction of
I such that λ(mI/mJ) = 1. If depth(G(I)) ≥ d − t, then depth(F (I)) ≥ d − t + 1 for
2 ≤ t ≤ d.
Proof. We prove the result on d. For d = 2, the result follows from Corollary 4.5 in [JV2].
Assume d ≥ 3. We first prove the result for t = d. We show that if λ(mI/mJ) = 1, then
depth(F (I)) ≥ 1. Let x ∈ J −mJ be an element such that x∗ is superficial in G(I) and
xo is superficial in F (I). Let “-” denotes modulo (x). Since mI ∩ (x) = m(x), m¯I¯/m¯J¯ ∼=
mI/mJ+mI∩(x) = mI/mJ . Then (R¯, m¯) is a d−1 dimensional Cohen-Macaulay local ring
and λ(m¯I¯/m¯J¯) = λ(mI/mJ) = 1. Therefore by induction hypothesis depth(F (I¯)) ≥ 1.
Hence by the Lemma 2.3, depth(F (I)) ≥ 1. This proves the case t = d.
Now assume 2 ≤ t ≤ d − 1. Choose x ∈ J − mJ such that x∗ is superficial in G(I)
and xo is superficial in F (I). Let “-” denotes modulo (x). Then (R¯, m¯) is a d − 1
dimensional Cohen-Macaulay local ring with λ(m¯I¯/m¯J¯) = 1 and depthG(I¯) ≥ d− t− 1.
Induction hypothesis yields that depthF (I¯) ≥ d − t. Since d− t ≥ 1, by Lemma 2.3, xo
is regular in F (I). Since x∗ is a regular element in G(I), F (I¯) ∼= F (I)/xoF (I). Hence
depthF (I) = depthF (I¯) + 1 ≥ d− t+ 1. 
Theorem 4.2. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 2. Let I be
any m-primary and J ⊆ I a minimal reduction of I such that
∑
n≥0 λ(mI
n+1/mJIn) = 2.
If depth(G(I)) ≥ d− t, then depth(F (I)) ≥ d− t+ 1, for all 2 ≤ t ≤ d.
Proof. First we prove the theorem for t = d, i.e., we show that depth(F (I)) ≥ 1. We do
this by induction on d. Suppose d = 2. Since
∑
n≥0 λ(mI
n+1/mJIn) = 2 there are two
possible cases, namely,
(i) λ(mI/mJ) = 1 = λ(mI2/mJI) and mIj+1 = mJIj for all j ≥ 2
(ii) λ(mI/mJ) = 2 and mIj+1 = mJIj for all j ≥ 1.
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In the first case, the assertion follows by Corollary 4.5 in [JV2]. Now assume that
λ(mI/mJ) = 2 and mIj+1 = mJIj for all j ≥ 1. Let {x, y} be a minimal generating
set for J such that x∗, y∗ is a superficial sequence in G(I) and xo, yo is a superficial se-
quence in F (I). To show xo is a regular element in F (I) it is enough to prove the claim
below.
Claim : (mIj+1 : x) = mIj for all j ≥ 0.
We prove the claim by induction on j. Since x is a part of minimal generating set for
J and hence I, j = 0 case holds. Assume j ≥ 1 and the induction hypothesis that
(mIj : x) = mIj−1. To show that (mIj+1 : x) = mIj . Consider the following exact
sequence for j ≥ 1,
0 −→ (mIj : x)/(mIj : J)
µy
−→ (mIj+1 : x)/mIj
µx
−→ mIj+1/mJIj −→ m¯I¯j+1/m¯J¯ I¯j −→ 0,
where “-” denotes the modulo (x). The first map µy is the multiplication by y and second
map µx is the multiplication by x. Since mI
j+1 = mJIj for all j ≥ 1, the last two modules
of the above exact sequence are zeros. Hence the first two modules are isomorphic. That
is (mIj : x)/(mIj : J) ∼= (mIj+1 : x)/mIj . Then mIj−1 ⊆ (mIj : J) ⊆ (mIj : x) = mIj−1,
where the last equality follows by induction hypothesis. This implies that (mIj : x) =
(mIj : J). From the above isomorphism (mIj+1 : x) = mIj as required. This proves the
claim. Therefore xo is regular in F (I). Hence depth(F (I)) ≥ 1.
Assume d ≥ 3. Let {x1, . . . , xd} be a minimal generating set for J such that x
∗
1, . . . , x
∗
d
is a superficial sequence in G(I) and xo1, . . . , x
o
d is a superficial sequence in F (I). Let “-”
denotes modulo (x1). Then (R¯, m¯) is a (d − 1)-dimensional Cohen-Macaulay local ring
with
0 6=
∑
n≥0
λ(m¯I¯n+1/m¯J¯ I¯n) ≤ 2.
If λ(m¯I¯/m¯J¯) = 1, then the result follows from Theorem 4.1 and Lemma 2.3. If λ(m¯I¯n+1/m¯J¯ I¯n) =
2, then again the assertion follows by induction hypothesis and Lemma 2.3. This proves
the theorem for the case t = d.
Suppose 2 ≤ t ≤ d− 1 and depthG(I) ≥ d− t. Let {x1, . . . , xd} be a minimal generating
set for J such that x∗1, . . . , x
∗
d is a superficial sequence in G(I) and x
o
1, . . . , x
o
d is a superficial
sequence in F (I). Let “-” denotes the modulo (x1). Then (R¯, m¯) is a (d− 1)-dimensional
Cohen-Macaulay local ring with depth(G(I¯)) ≥ d− 1− t and
0 6=
∑
n≥0
λ(m¯I¯n+1/m¯J¯ I¯n) ≤ 2.
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If
∑
n≥0 λ(m¯I¯
n+1/m¯J¯ I¯n) = 1, then by Theorem 4.1 we get depth(F (I¯)) ≥ d − t. If∑
n≥0 λ(m¯I¯
n+1/m¯J¯ I¯n) = 2, then by induction hypothesis, depthF (I¯) ≥ d − t. Since
d− t ≥ 1, by Lemma 2.3 xo1 is regular in F (I). Moreover, since depthG(I) ≥ d− t ≥ 1, x
∗
1
is regular in F (I) so that F (I¯) ∼= F (I)/xo1F (I). Thus depth(F (I)) = depth(F (I¯)) + 1 ≥
d− t + 1. 
Corollary 4.3. If
∑
n≥0
λ(mIn+1/mJIn) ≤ 2, then depth(F (I)) ≥ 1.
Proof. From the proofs of Theorem 4.1 and Theorem 4.2 we get that if
0 6=
∑
n≥0
λ(mIn+1/mJIn) ≤ 2,
then depth(F (I)) ≥ 1. Now assume
∑
n≥0 λ(mI
n+1/mJIn) = 0. This implies that mI =
mJ . Now the result follows from Lemma 2.3(1) of [Go]. 
Corollary 4.4. Suppose I3 = I2J . Then
(i) If λ(I2/IJ) = 1 = λ(mI2/mJI), then depth(F (I)) ≥ d− 1.
(ii) If λ(I2/IJ) = 2 and λ(mI2/mIJ) = 1, then depth(F (I)) ≥ d− 2.
(iii) If λ(I2/IJ) = 2 = λ(mI/mJ) and mI2 = mIJ , then depth(F (I)) ≥ d− 2.
Proof. Assume λ(I2/IJ) = 1 = λ(mI2/mJI) and I3 = I2J . Then by the Corollary 2.3(a)
in [Gu2] we get depth(G(I)) ≥ d − 1. Hence by the Corollary 3.5 we get depth(F (I)) ≥
d − 1. This proves (i). Now assume λ(I2/IJ) = 2 and λ(mI2/mJI) = 1. Then by the
Corollary 2.3(b) in [Gu2] we have depth(G(I)) ≥ d − 2. Hence by the Corollary 3.5 we
get depth(F (I)) ≥ d − 2. This proves (ii). Now assume λ(I2/IJ) = 2 = λ(mI/mJ) and
mI2 = mIJ . Then by the Corollary 2.3(b) in [Gu2] we have depth(G(I)) ≥ d− 2. Since
depth(G(I)) ≥ d − 2 > d − 3, by the Theorem 4.2 we get depth(F (I)) ≥ d − 2. This
proves (iii). 
We conclude this section by characterizing Cohen-Macaulayness of fiber cones ideals with∑
n≥1 λ(mI
n/mJIn−1) = 2.
Proposition 4.5. Let (R,m) be a Cohen-Macaulay local ring of dimension d ≥ 2, I an
m-primary ideal such that depthG(I) ≥ d− 1 and J a minimal reduction of I.
(1) If λ(mI/mJ) = 1 = λ(mI2/mIJ) and mIn+1 = mInJ for all n ≥ 2, then F (I) is
Cohen-Macaulay if and only if mI2 ∩ JI = mIJ .
(2) If λ(mI/mJ) = 2 and mI2 = mJI, then F (I) is Cohen-Macaulay.
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Proof. (1) By Proposition 5.4 of [JV2], F (I) is Cohen-Macaulay if and only if λ(mIn +
JIn−1/JIn−1) = 1 for all n = 1, . . . , rmJ (I). Since r
m
J (I) = 2, this equation translates to
λ(mI2 + JI/JI) = 1. Since λ(mI2/mJI) = 1, this is equivalent to mI2 ∩ JI = mJI.
(2) Note that in this case rmJ (I) = 1. By Corollary 3.2(2), F (I) is Cohen-Macaulay. 
5. Examples
Example 5.1. (Example 4.6, [JV2]) Let R = Q[[x, y, z]]. Let I = (−x2 + y2,−y2 +
z2, xy, yz, zx) and J = (−x2+y2,−y2+z2, xy). Since I3 = JI2, J is a minimal reduction
of I. Also λ(mI/mJ) = 1 and mI2 = mJI. Therefore λ(mI/mJ) = 1. It has been shown
in [JV2] that depthF (I) = 1 and depthG(I) = 0. Here the m-reduction number of I is
1. This example shows that even if the m-reduction number of I is 1, the depth of fiber
cone can be quite low without high depth assumption on the associated graded ring.
Example 5.2. Let R = Q[[X, Y, Z, W, U ]]/K, where K = (−X3Z + Y 3, X5 −
Z2, −X2Y 3+Z3, −X4Y 2+ZW, −X2Z2+YW, −Y 2Z+XW, XY Z3−W 2, X3Y W −
Z4, Z5 − Y 4W, −Y 5 +X4W ). Then it can be seen that R ∼= Q[[t6, t11, t15, t31, u]], is
Cohen-Macaulay of dimension 2. Let x = X +K, y = Y +K, z = Z +K, w = W +K
and u = U + K. Let m = (x, y, z, w, u), I = (x, y, w, u) and J = (x, u). Then it
can be seen that I3 = JI, λ(mI/mJ) = 2, λ(mI2 ∩ J/mJI) = 1, mIn+1 ∩ J = mJIn
for all n ≥ 2 and λ(mI2/mJI) = 1. It can also be seen that I2 ∩ J = JI. There-
fore In ∩ J = JIn−1 for all n ≥ 1. This implies that G(I) is Cohen-Macaulay, i.e.,
depthG(I) = 2. Since mI2 ∩ J 6= mJI, F (I) is not Cohen-Macaulay. It can also be
verified that mIn ∩ (u) ⊆ mIn−1J for all n ≥ 1 so that uo is regular in F (I). Hence
depthF (I) = 1. Therefore
∑
n≥2 λ(mI
n ∩ J/mJIn−1) = 1 with depthG(I) = 2 and
depthF (I) = 1.
Example 5.3. Let R = Q[[x, y, z]], I = (x3, y3, z3, xyz, xz2, yz2) and J = (x3, y3, z3).
Then it can be checked that rJ(I) = r
m
J (I) = 2, λ(mI
2 ∩ J/mJI) = 1 and mIn ∩ J =
mJIn−1 for all n ≥ 3. It can also be verified that I2 ∩ J 6= JI. Therefore G(I) is not
Cohen-Macaulay. It can also be seen that the Hilbert series
H(G(I), t) = (1− t)−1H(G(I/(x3)), t)
= (1− t)−2H(G(I/(x3, y3)), t)
=
15 + 6t+ 6t2
(1− t)3
.
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Therefore (x3)∗, (y3)∗ is a regular sequence in G(I). Hence depthG(I) = 2. Also, it can
be computed that e0(F (I)) = 9 = 1+λ(I/J+mI)+λ(I
2/JI+mI2). Therefore by Theorem
2.1 of [DRV], F (I) is Cohen-Macaulay.
Example 5.4. Let R = Q[[x, y]], I = (x5, x3y2, x2y4, y5) and J = (x5, y5). Then it can
be verified that I5 = JI4, λ(mI2 ∩ J/mJI) = 1 and mIn+1 = mJIn for all n ≥ 2. Let
u = x5 + y5. Then the Hilbert Series
H(G(I), t) = (1− t)−1H(G(I/u), t)
=
18 + 6t+ t4
(1− t)2
.
Therefore u∗ is regular in G(I). Since I2 ∩ J 6= JI, by Valabrega-Valla condition, G(I) is
not Cohen-Macaulay. Hence depthG(I) = 1. Therefore by Theorem 3.3, depthF (I) ≥ 1.
It can also be verified that µ(I3) = 11 < 13 =
∑
3
n=0(n + 1)λ(I
3−n/JI3−n−1 + mI3−n).
Therefore by Theorem 2.1 of [DRV], F (I) is not Cohen-Macaulay. Hence depthF (I) = 1.
This shows that the lower bound for the depth of F (I) given in Theorem 3.3 is sharp.
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